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Abstract. In this paper, we study the following extremal problem and 
its relevance to the sum of the so-called superoptimal singular values of 
a matrix function: Given an m x n matrix function $, when is there a 
matrix function in the set A^'"^ such that 

/ trace($(C)*.(C))dm(C) = sup 
The set A^'"" is defined by 



trace($(C)*(C))drn(C) 



T 



A] 



def 



k 



I* € H^{M„,m) : ||*||l1{m„,„) < 1, rank*(C) < k a.e. C £ T j . 

To address this extremal problem, we introduce Ifankel-type operators 
on spaces of matrix functions and prove that this problem has a solution 
if and only if the corresponding Hankel-type operator has a maximizing 
vector. The main result of this paper is a characterization of the smallest 
number k for which 

trace($(C)*(C))dm(C) 



T 

equals the sum of all the superoptimal singular values of an admissible 
matrix function "I> (e.g. a continuous matrix function) for some function 
G ^J!'™. Moreover, we provide a representation of any such function 
when $ is an admissible very badly approximable unitary- valued nxn 
matrix function. 



1. Introduction 

The problem of best analytic approximation for a given m x n matrix- 
valued bounded function <I> on the unit circle T is to find a bounded analytic 
function Q such that 

ll^- - QIIl-(M„.„) = mf{||$ - i^||L-(M„,„) : F € ^°°(M„,„)}. 
Throughout, 

II^IIl-{m„„) =^esssup||*(C)||M„,„, 

Mm,n denotes the space of m x n matrices equipped with the operator norm 
II ■ \\Mm.n (of the space of linear operators from to C™), and H°°{Mm,n) 
denotes the space of bounded analytic m x n matrix- valued functions on T. 
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It is well-known that, unlike scalar-valued functions, a polynomial ma- 
trix function $ may have many best analytic approximants. Therefore it 
is natural to impose additional conditions in order to distinguish a "very 
best" analytic approximant among all best analytic approximants. To do so 
here, we use the notion of superoptimal approximation by bounded analytic 
matrix functions. 

1.1. Superoptimal approximation and very badly approximable ma- 
trix functions. Recall that for an m x n matrix A, the jth-singular value 
Sj{A), j > 0, is defined to be the distance from A to the set of matrices of 
rank at most j under the operator norm. More precisely, 

Sj{A) = inf{P - 5||m^,„ : B G M^,„ such that rankS < j}. 

Clearly, so{A) = P||m^,„. 

Definition 1.1. Let $ G L°°(M^„). For A; > 0, we define the sets Qk = 
^ki^) by 

Oo($) = \Fe H°^{Mm,n) ■■ F minimizes ess sup ||$(C) - i^(C)l|M^„ \ , and 
[ CeT ' J 

r2j($) = If e Qj-i : F minimizes esssupsj($(C) - ^(C)) \ for j > 0. 
[ CeT J 

Any function F E |^ $7^. = fimin{m,n}-i is called a superoptimal approxima- 

k>0 

tion to $ by bounded analytic matrix functions. In this case, the superop- 
timal singular values of $ are defined by 

tj = tj(^) = esssupsj(($ - F)(C)) for j > 0. 
CeT 

Moreover, if the zero matrix function O belongs to i7min{m,n}-i) '^^ say that 

$ is very badly approximable. 

Notice that any function F & ^Iq is a best analytic approximation to 
Also, any very badly approximable matrix function is the difference between 
a bounded matrix function and its superoptimal approximant. 

It turns out that Hankel operators on Hardy spaces play an important 
role in the study of superoptimal approximation. For a matrix function 
$ G L°°{Mjn,n), we define the Hankel operator by 

where P_ denotes the orthogonal projection from L^(C"*) onto H^(C"^) 

l2(c'") eii'2(c™). 

When studying superoptimal approximation, wc only consider bounded 
matrix functions that are admissible. A matrix function $ G L^iJ^uin^ is 
said to be admissible if the essential norm ||i^$||e of the Hankel operator 
is strictly less than the smallest non-zero superoptimal singular value 
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of As usual, the essential norm of a bounded linear operator T between 
Hilbert spaces is defined by 

||T||e — K\\ : K is compact }. 

Note that any continuous matrix function $ is admissible, as the essential 
norm of equals zero in this case. Moreover, in the case of scalar-valued 
functions, to say that a function ip is admissible simply means that ||-ffip||e < 
\\H^p\\. 

It is known that if ^ is an admissible matrix function, then <I> has a 
unique superoptimal approximation Q by bounded analytic matrix func- 
tions. Moreover, the functions ( i— > Sj{{^ — Q){C)) equal tj{^) a.e. on T 
for each j > 0. These results were first proved in [PY] for the special case 
^ E (H°° + C)(M.m,n) (i-e. matrix functions which are a sum of a bounded 
analytic matrix function and a continuous matrix function), and shortly 
after proved for the class of admissible matrix functions in [PTj . 

While it is possible to compute the superoptimal singular values of a 
given matrix function in concrete examples, it is not known how to verify 
if a matrix function that is not continuous is admissible or not. Thus a 
complete characterization of the smallest non-zero superoptimal singular 
value of a given matrix function is an important problem for superoptimal 
approximation. This remains an open problem. 

We refer the reader to Chapter 14 of [Pelj which contains proofs to all 
of the previously mentioned results and many other interesting results con- 
cerning superoptimal approximation. 

1.2. An extremal problem. Throughout this note, m denotes normalized 
Lebesgue measure on T so that m(T) = 1. 

Definition 1.2. Let m,n > 1 and I < k < min{m,n}. For $ G L°°{Mm,n), 
we define dki^) by 

def 

C7fc(5>) = sup 

where 

^n,m ^ 1^ ^ i/i(M„,™) : ||^||h1(M„.„) < 1 and rank*(C) < k a.e. C G t} . 

Whenever n = m, we use the notation A'^ A^'"^- 
We are interested in the following extremal problem: 

Extremal Problem 1.1. For a matrix function $ G L°°(M.m,n), when is there 
a matrix function ^ £ A^'"^ such that 

[ trace(<i>(C)*(C))c?m(C) = afc($)? 
Jt 

The importance of this problem arose from the following observation due 
to Peller [PeH] . 



trace($(C)^'(C))c^n^(C) 



(1.1) 
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Theorem 1.3. Let 1 < k < min{m,n}. If ^ & L°°{M.m^n) is admissible, 
then 

<to($) + ... + ifc-i(^). (1.2) 

Proof. Let ^ G A^'"^. We may assume, without loss of generality, that <I> is 
very badly approximable. Indeed, 

trace($(C)^'(C))d^(C) = / trace((«> - Q){()^{C))dm{C) 



holds for any Q G H°°(M.m,n), and so we may replace $ with $ — Q if 
necessary, where Q is the superoptimal approximation to $ in H°°{M.m,n)- 

Let denote the collection of m x m matrices equipped with the trace 
norm ||^||s5" = trace{A*Ay/'^ = Yl.j>QSj{A). 

It follows from the well-known identity |trace(74)| < ||74||s™ that the 
inequalities 

(fe-i 
^s,m)) I ii*(c)iim„, 

hold for a.e. C £ 1'- Thus, 

f trace($(C)*(C))t^m(C) < / (^^,($(0)) \\^{0\\M„,^dm{C) 



< 



T 



j=0 
fc-1 



fc-1 

3=0 

because the singular values of <I> satisfy Sj($(C)) = tj{^) for a.e. C £ IT since 
<I> is very badly approximable. □ 



Before proceeding, let us observe that equality holds in (|1.2p for some 
simple cases. Let r be a positive integer and *i) • • • ) ^r-i be positive 
numbers satisfying 



^0 ^ ^1 ^ • • • ^ ir—l- 
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Suppose $ is an n X n matrix function of the form 

/ touo O ... O O \ 
O hui 



def 



v 



(1.4) 



# / 



where ||<I>^||j;^oo < tr^i and Uj is a unimodular function of the form uj = 
z6jhj/hj with 9j an inner function and hj an outer function in for 
< i < r — 1. Without loss of generahty, we may assume that ||/ij||L2 = 1 
for each j. By setting 

O O \ 



def 



V 



z9r-ih'^._i 



(1.5) 



it can be seen that ^' G i/Q(M„), rank^'(C) = r a.e. on T, ||^||li(m„) = 1) 
and 

/ trace(«>(C)^(C))c^"^(C) = to + • • • + U-i- 

Jt 

Thus we obtain that 

a,($) =^o(^) + ••• + ^r-l(^)• 
On the other hand, one cannot expect the inequahty ()1.2p to become an 
equahty in generah After ah, by the Hahn-Banach Theorem, 

distioo(sn)($,ii'-(M„)) = a„($), (1.6) 

and there are admissible very badly approximable 2x2 matrix functions $ 
for which the strict inequality 

dist^.c(s2)(^,i?°"(M2)) < to(^) +ti(^) 
holds. For instance, consider the matrix function 



V2[-z I 



{ 



z z 



Clearly, $ has superoptimal singular values t^ilJ) = ti{U) = 1. Let 

J_( O C 

It is not difficult to verify that 



soii^ - F)(C)) = ^V3 + V^ and si((cl> - F)(C)) = ^^f 3 - VE 
for all C G T. Therefore 

dist^^(s2)(cD,i?~(M2)) < ||$-F||^«,(s2) <2 = to(^') + ti($). (1.7) 
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1.3. What is done in this paper? In virtue of Theorem 11.31 and the 

remarks proceeding it, one may ask whether it is possible to characterize 
the matrix functions $ for which ()1.2p becomes an equality. So let ^> be 
an admissible n x n matrix function with a superoptimal approximant Q in 
H°°(M.n) for which equality in Theorem 11.31 holds with k = n. In this case, 
it must be that 

n— 1 n— 1 

distioo(sn)(cD, H^iMn)) = Y.tj{^) = - Q)(C)) = W'^ - Qh^iS") 

j=0 j=0 

by ()1.6p and thus the superoptimal approximant Q must be a best approxi- 
mant to $ under the L°°(S") norm as well. Hence, we are led to investigate 
the following problems: 

(1) For which matrix functions $ does Extremal problem 11.11 have a 
solution? 

(2) If is a best approximant to $ under the L°°(S")-norm, when does 
it follow that is the superoptimal approximant to $ in L°°(M„)? 

(3) Can we find necessary and sufficient conditions on $ to obtain equal- 
ity in ([OD of Theorem [OP 

Before addressing these problems, we recall certain standard principles 
of functional analysis in Section [2] that are used throughout the paper. In 
particular, we give their explicit formulation for the spaces LP(S™'"'). 

In Section |3l we introduce the Hankel-type operators on spaces of 

matrix functions and /c-extremal functions, and prove that the number crk{^) 
equals the operator norm of . We also show that Extremal problem ll.il 

has a solution if and only if the Hankel-type operator has a maximizing 
vector, and thus answer question 1 in terms Hankel-type operators. 

In Section HI we establish the main results of this paper concerning best 
approximation under the L°°(S^'") norm (Theorem 14. 7p and the sum of 
superoptimal singular values (Theorem l4.13p . The latter result characterizes 
the smallest number k for which 

/ trace($(C)^(C))(^^(C) 
Jt 

equals the sum of all non-zero superoptimal singular values for some function 
^ G A^'"^- These results serve as partial solutions to problems 2 and 3. 

Lastly, in Section [5l we restrict our attention to unitary- valued very badly 
approximable matrix functions. For any such matrix function U, we provide 
a representation of any function ^ for which the formula 

/ tiace{U{C)^{C))dm{C) = n 
Jt 



holds. 
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2. Best approximation and dual extremal problems 

We now provide explicit formulation of some basic results concerning best 
approximation in i7*(S^'") for functions in L*(S^'") and the corresponding 
dual extremal problem. We first consider the general setting. 

2.1. Best approximation. 

Definition 2.1. Let X be a normed space, M be a closed subspace of X, 
and xq E X. We say that mo is a best approximant to xq in M if mo G M 
and 

def 

||xo — mo||x = dist(a;o, M) = inf{||a;o — m\\x '■ m G M}. 

It is known that if X is a reflexive Banach space and M is a closed 
subspace of X, then each xq G X \ M has a best approximant mo in M. 

Two standard principles from functional analysis are used throughout this 
note. Namely, if X is a normed space with a linear subspace M, then 

sup |Ao(m)| = min|||Ao - A|| : A G M-^l and 

meM,\\m\\<l ^ 

max lAfxo)! = dist(xo,M) whenever M is closed. 

AeM-L,||A||<l 

We now discuss these results in the case of the spaces Li{S^''^). 

2.2. The spaces L^(S™'"). Let 1 < § < oo and 1 < p < oo. Let p' denote 
the conjugate exponent to p, i.e. p' = p/{p — 1). 

Let Sp"'" denote the space of m x n matrices equipped with the Schatten- 
von Neumann norm || • ||s^.", i.e. for A G M^^^ 

def „ , „ , „ , „ def 



Mm,n and ll^lls-." = ^^s^ji^) I for 1 < p < DO. 

\i>o 

We also use the notation Sp =^ Sp'"'. 

If X is a normed space of functions on T with norm || • ||x, then X(S^'") 
denotes the space of m x n matrix functions whose entries belong to X. For 
$ G X(S™'"), we define 

ll^llx(S^'") =^ \\p\\x, where p(C) =^ ||^(Ollsr" C e T. 

It is known that the dual space of L9(S™'") is isometrically isomorphic 
to Li'iSp^) via the mapping $ ^ A$, where $ G Li' (Spr) and 

A^{^) = I trace($(C)*(C))(im(C) for ^ G L«(S^'"). 
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In particular, it follows that the annihilator of H^{S^'^) in L''(S^'"') is given 
by (Sp/'"), and so 



disti,(sj;...)($, max 



^0 ^ p' ' 



trace($(C)^'(C))d^(C) 



P 



by our remarks in Section [2.11 Moreover, if 1 < g < oo, then $ € L'^{S. 
has a best approximant Q in H''{S^'^) (as L'?(S^'") is reflexive); that is 

11^ - QIIl.(s-") = dist^,(s--)($,^'(Sr"))- 
The situation is similar in the case of L°°(S^'"). Indeed, L°°(S™'") is a 
dual space, and so there is a Q G H°°{S^'^) such that 

11^ - Qh^is^n = dist^.c(s™..)(ci>,i/~(s™'")). 

Again, it also follows from our remarks in Section 12.11 that 



dist^ooCs— )(^'^"(Sr"))= sup 



II*II^1(S^;™)<1 



trace(«>(C)^(C))'^^(C) 



However, an extremal function may fail to exist in this case even if <I> is 
a scalar-valued function. An example can be deduced from Section 1 of 
Chapter 1 in [Pel]. 

3. AS THE NORM OF A HANKEL-TYPE OPERATOR AND 

fc-EXTREMAL FUNCTIONS 

We now introduce the Hankel-type operators which act on spaces 

of matrix functions. We prove that the number crfc(<I>) equals the operator 

norm of and characterize when has a maximizing vector. Recall 
that for an operator T : X ^ Y between normed spaces X and Y, a vector 
X £ X is called a a maximizing vector ofTifx is nonzero and 

||rx||y = ||T|| • 

We begin by establishing the following lemma. 
Lemma 3.1. Let I < k < min{m, n}. If ^ £ H'^{M.n,m) is such that 
rank^'((^) = k for a.e. C, ^T, then there are functions R £ H'^{M.n,k) cind 
Q £ i/^(Mfc_m) such that R{C) has rank equal to k for almost every £ T, 

^ = RQ and ||i?(C)||^„,, = IIQ(C)llk.™ = II*(C)I|m„,„ for a.e. ( G T. 

Proof. Consider the set 

£/ = cloSii(cn){/ G i/^(C") : /(C) G Range ^-CC) a.e. on T}. 

Since £/ is a non-trivial completely non-reducing (closed) invariant subspace 
of L^(C"'), there is an n x r inner function @ such that ^ = @H^{C^). We 
first show that r = k. Let {ejYj=i be an orthonormal basis for C. Then 
for almost every C G T, we have that {Q{C)^jYj=i is a linearly independent 
set, since is inner. Moreover, {0(C)ej}j=i is a basis for Range 6(C) = 
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Range for a.e. C ^ I"- Since dim Range ^'(C) = k a.e. on T, it foUows 
that r = dim Range 0(C) = dim Range ^'(C) = k. In particular, we obtain 
that 

By considering the columns of it is easy to see that ^ = QF for some 
k X m matrix function F E H^{M.k^m) as these columns belong to £/. Let 

h be an outer function in such that |/i(C)| = ll'^(C)llMf „ for a-e- C ^ I'- 
The conclusion of the lemma now follows by considering the functions 

R = hQ and Q = h'^F. □ 

Definition 3.2. Let ^ G L°°(M„_„), l<k< min{m,n}, and /) : L^{S'^'^) 
L^{S^'^) / H'^{S^'^) denote the natural quotient map. We define the Hankel- 
type operator Hf^ : H'^iM^^k) L'^{S'^'^)/H^{S''^'^) by setting 

H^^^F =^ for F G H^Mn^k)- 



The norm in the quotient space 

^2(srn,fe^^^2(sm,fe^ is the natural one; 

that is, the norm of a coset equals the infimum of the L^(S™'^)-norms of its 
elements. 

Theorem 3.3. Let I < k < min{m,n}. If ^ £ L°°{Mm,n), then 



rr{k} 



/f2(M„,fe)^L2(Sf''')///2(Sf''«) 



Proof. Consider the collection 

j^n,m ^ . ||iJ||^2(M„_fc) < 1, ||Q|lH2(Mfe,,„) < !}• 

We claim that B^'^ = A^'^. Indeed if ^' G Ak satisfies rank^'(C) = j 
for C G T, where 1 < j < k, then by Lemma 13.11 there are functions R G 
H'^{M.nj) and Q G i/g(Mj^m) such that R{C) has rank equal to j for almost 
every C S T, 



^ = RQ and ||i?(C)|lL. = IIQ(C)IIm,„ = II*(C)I|m_ for a.e. C G T. 



We may now add zeros, if necessary, to obtain n x k and k x m matrix 
functions 



R# = {R O ) and Q# 



Q 



respectively, from which it follows that ^ = R^Q^ ^ ^k' ■ Therefore 

n,m k"-!"" 
k ^fc 



reverse inclusion is trivial and so these sets are equal 



10 



ALBERTO A. CONDORI 



Hence 

(Tfc(<^) = sup sup 

l|i?ll«2,M„,,)^l liQllHg(M,.„)<l 



tTacem)R{C)QiC))dm{C) 



sup dist^2(g™.fc)($i?,/72(M^fc)) 

II^IIh2(M„.,)<1 



I W >- J II I — I 

I fTi Mrr9/is/r \ r O / r^m ,k \ / j / r^m, .k \ ' I 1 



Definition 3.4. Let <I> G L°°(Mm^„) and 1 < A; < min{m, n}. We say that 

n, 
k 



^ is a k-extremal function for ^ if ^ £ A^.'"^ and 



ak{^) = / trace(<J.(C)*(C))f^m(C). 

JT 

Thus a matrix function $ has a /c-extremal function if and only if Extremal 
problem 11.11 has a solution. 

We can now describe matrix functions that have a /c-extremal function in 
terms of Hankel-type operators. 

Theorem 3.5. Let ^ G L°°(M 

m,n)- The matrix function $ has a k- 

{k\ 9 

extremal function if and only if the Hankel-type operator : H ' 
LP'{^'^)/H'^{S^'^) has a maximizing vector. 

Proof. To simplify notation, let 



rr{k} 



def 



TT{k} 



Suppose is a fc-extremal function for Let j G N be such that j < k 
and 

rank^(C) = j for a.e. ^ G T. 
By Lemma l3.lt there is an R G H'^{Mnj) and a Q G i?^(Mj-„) such that 

^ = RQ and ||i2(C)|lL„, = IIQ(C)II^,,„ = II^(C)I|m„,„ for a.e. C G T. 

As before, adding zeros if necessary, we obtain n x k and k x m matrix 
functions 

■ Q 



R# = {R O ) and Q# = 

respectively, so that ^' = R^Q^ and 

||Q#(C)llk.,„ = IIQ(C)II^,,„ = II^(C)I|m„,„ for a.e. C G T. 

Let us show that i?^ is a maximizing vector for . Since (5# belongs 
to H^{Mk,m), we have that for any F G H^{S'^''') 



aki<f) = / trace($(C)*(C))dm(C) = / trace(<I>(C)i?#(C)Q#(C))^^m(C) 

JT 

trace(($i?# - F)(C)Q#(C))^im(C), 
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and so 



< 



tT^ce{{'^R# - F){OQ#{C))dm{C) 
trace(($% - F)(C)Q#(C))| dm{C) 

< I - FmQ#{0\\sTdm{0 

< [ - F)iC)\\^,n,4Q#iO\\M,ymiC) 



<\\^R#-F\ 



^2(5-,'=) 



\\Q#\\l^ 



(Mk.m) 



# ~ ■^IIl2(s-,'=)II^IIli(m„,™) 



By Theorem 13.31 we obtain that 



and therefore 



L2(S!|"''=)//f2(S™''') 



< 



H. 



{k} 



H. 



{k} 



H^i^R# 



L2(S™'*)/H2(Sf''=) 

{k} 



Thus, R^ is a maximizing vector of H^. 

Conversely, suppose the Hankel-type operator H'^^ has a maximizing 
vector R G i/^(M,„ jt). Without loss of generality, we may assume that 
ll^llL2(M„,fe) = 1- Then 



H. 



{k} 



dist^2(g^,fc)($ii, 

By the remarks in Section 12.21 there is a function G G HQiWik^m) such 
that ||G||l2(m^_^) < 1 and 

/ trace(($i?) (C)G(C))(im(C) = dist ^.^.fe. //^(s™.'^)). 

\k\ 

On the other hand, since i? is a maximizing vector of , it follows from 
Theorem 13.31 that 



/ 



trace($(C)(i?G)(C))dm(C) 



H. 



{k} 



okm. 



def 



Hence ^ = RG is a /c-extremal function for 



□ 



Before stating the next result, let us recall that the Hankel operator : 
i/2(C") ^ /i'2^(^m) defined by H^f = P.^-/ for / G H'^{U'). The 
following is an immediate consequence of the previous theorem when k = 1. 

Corollary 3.6. Let $ G L°°(Mm^„). T/ie Hankel operator has a maxi- 
mizing vector if and only if ^ has a \- extremal function. 
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Proof. By Theorem 13.51 ^ has a 1-extremal function if and only if the 



Hankel-type operator H^^^ : H'^{U') L'^{C"')/H^{C"') has a maximiz- 
ing vector. The conclusion now follows by considering the "natural" iso- 
metric isomorphism between the spaces /f^(C™') = L^(C™) ff^(C"^) and 



Remark 3.7. It is worth mentioning that if a matrix function $ is such that 
the Hankel operator has a maximizing vector (e.g. $ £ {H°° + C){M.n)) , 
then any 1-extremal function ^' of <I> satisfies 



This is a consequence of Corollary 13.61 and Theorem 13.31 

Remark 3.8. There are other characterizations of the class of bounded ma- 
trix functions $ such that the Hankel operator has a maximizing vector. 
These involve "dual" extremal functions and "thematic" factorizations. We 
refer the interested reader to jPe2] for details. 

Corollary 3.9. Let 1 < k < i < n and <^ £ L°°(M„). Suppose that 
(Tfc(<I>) = ai{^). If has a maximizing vector, then also has a 

maximizing vector. 

Proof. This is an immediate consequence of Theorem 13.51 □ 

4. How ABOUT THE SUM OF SUPEROPTIMAL SINGULAR VALUES? 

In this section, we prove in Theorem 14. 71 that equality is obtained in l\1.2\} 
under some natural conditions. 

For the rest of this note, we assume that m = n. 

Consider the non-decreasing sequence o"i(<I>), . . . , cTn(^)- Recall that 



and the distance on the right-hand side is in fact always attained, i.e. a best 
approximant Q to <I> under the L°°(S") norm always exists as explained in 
Section O 

Theorem 4.1. Let ^ £ L°°(M„) and 1 < k < n. Suppose Q is a best 
approximant to ^ in ff°°(M„) under the L°^{S^)-norm. If the Hankel-type 
operator has a maximizing vector T in i?^(M„^fc) and o"fc($) = cj„(<I>), 

then 

(1) QJ^ is a best approximant to in under the L'^[Sl'^)-norm, 



L2(C™)/i/2(C"^). 



□ 




= distioo(sn)($,//°°(M„)) 



(2) for each j > 0, 

s,(($-Q)(cmc)) 



s,(($-Q)(C))||.F(C)||m„,, fora.e. C e T, 



fc-i 




j=0 

(4) Sj{{^ ~ Q){C)) =0 holds for a.e. C G T whenever j > k. 
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Proof. By our assumptions, 

= ||p((cI>-Q)^)f 

< /" ||(^-Q)(C)II|^II-^(C)IIm„.^^(C) 

Jt 

< 11^ - <3lli«=(S5')ll-^lli2{M„,fc) = ^fc(^)^ll-^llL2(M„,fc)- 

It follows from Theorem 13. 31 that all inequalities are equalities. In particular, 
we obtain that QJ- is a best approximant to under the L^(S"''^)-norm 
since the first inequality is actually an equality. For almost every C £ T, 

ii($ - QmmH = - q)(c)iis?ii-^(c)iim„,, and (4.i) 

IKcD - g)(C)||s? = ||f - = ak{^), 

because the second and third inequalities are equalities as well. It follows 
from (14. ip that for each j > 0, 

- QmHO) = sj{{<^> - Q)(C))II-^(C)I|m„,, for a.e. C G T. 

We claim that if j > k, then Sj{{^ - Q){0) = for a.e. ( e T. By 
Theorem 13.51 we can choose a /c-extremal function, say ^, for Since ^ 
belongs to H^{Mn), 

afc(f)= / trace($(C)*(C))t^m(C) = / trace((<i> - Q)(C)^(C))dm(C) 

< [ ||(1>-Q)(C)^(C)l|s?dm(C)< f ||(<l>-Q)(C)||sHI^(C)llM„dm(C) 

JT JT 

< \\^ - Q||l-(s^)II^IIli{m„) < 11^ - <3IIl-(s?) = (^k{^), 

and so all inequalities are equalities. It follows that 
I trace((<I> - Q)(C)*(C))I = ll(^ - Q)(C)I|s?|I^(C)I|m„ for a.e. C G T. (4.2) 
In order to complete the proof, we need the following lemma. 

Lemma 4.2. Let A G M„ and B G M„. Suppose that A and B satisfy 

|trace(^5)| = P||m„||S||s^ 

If rank A < k, then ranki? < k as well. 

We first finish the proof of Theorem 14.11 before proving Lemma |4.2[ 
It follows from (j4.2p and Lemma IT2] that 

rank((^> - Q)(C)) < k for a.e. C G T. 

In particular, if j > k, then 

sj(($-Q)(C)) = for a.e. C G T, 
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and so 



fc-i 



^s,((a>-Q)(C)) = ||($-Q)(C)||s?=^Tfc($) fora.e. C G T. 

j=Q 

This completes the proof. 



□ 



Remark 4.3. Lemma 14.21 is a slight modification of Lemma 4.6 in [BNPj . 
Although the proof of Lemma 14.21 given below is almost the same as that 
given in |BNP] for Lemma 4.6, we include it for the convenience of the 
reader. 



Proof of Lemma \4-2\ Let B have polar decomposition B = UP and set 
C = AU, where P = {B*By^'^. Let ei,...,en be an orthonormal basis 
of eigenvectors for P and Pej = Xjej. It is easy to see that the following 
inequalities hold: 



tTace{AB)\ = \ trace(CP)| 



< I|C||m„ ^ Aj. 
On the other hand, 



^{Pe„C*ei, 



ej , e j ^ 



n 



1^1 



I-BI 



I|C||m„||P||s^ = ||C||p 
and so, by the assumption | trace(yli?)| = ||^||m„ ||-B||sj, it follows that 

= \\C\ 



Therefore Aj||Cej|| = ||C||m„Aj for each j. However, if rank^ < k, then 



rankC < k. Thus there are at most k vectors ej such that ||Cej| 



\C\ 



In particular, there are at least n — k vectors ej such that ||Cej|| < ||C||m„- 
Thus, Xj = for those n — k vectors e^, rankP < /c, and so ranki? <k. □ 

Remark 4A. Note that the distance function d$ defined on T by 

d$(C) ='||($-Q)(C)lls? 

equals for almost every C G T and is therefore independent of the 

choice of the best approximant Q. This is an immediate consequence of 
Theorem 14. li A similar phenomenon occurs in the case of matrix functions 
^ G LP{Mn) for 2 < p < oo. We refer the reader to [BNP] for details. 
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Corollary 4.5. Let <I> G L°°(M,„) he an admissible matrix function and 
1 < k < n. If the Hankel-type operator has a maximizing vector and 

C7fc($) = o-„(^>), then 

fc-1 fc-1 
5;s,((cI>-Q)(C))< J^t.W 

j=0 j=0 

for any best approximation Q of ^ in H°°{M.n) under the L°°{S^)-norm. 
Proof. This is an immediate consequence of Theorems 11.31 and 14.11 □ 

Definition 4.6. A matrix function $ G L°°(M„) is said to have order i ii i 
is the smahest number such that has a maximizing vector and 

= distioo(sn)($,/i'-(M„)). 
If no such number i exists, we say that ^ is inaccessible. 

The interested reader should compare this definition of "order" with the 
one made in }BNP ] for matrix functions in L^(M„) for 2 < p < oo. Also, 
due to Corollarv 13.91 it is clear that if <I> G L°°(M„) has order I, then the 
Hankel-type operator has a maximizing vector and 
afc($) = distioo(sn)($,ii'°°(M„)) 

holds for each k > i. 

Theorem 4.7. Let ^ G L^(Mn) be an admissible matrix function of order 
k. The following statements are equivalent. 

(1) Q G is a best approximant to ^ under the L^{S^)-norm and 
the functions 

C ^ - Q)(C)), 0<j<k-l, 

are constant almost everywhere on T. 

(2) Q is the superoptimal approximant to ^, tj{^) = for j > k, and 

=^oW + ••• + ^fc-l(^)• 
Proo/. We first prove that 1 implies 2. By Corollarv 14.51 we have that, for 
almost every C, gT, 

fc-1 fc-1 fc-1 fc-1 

Y^s,{{<^-Qm) < Y^tji^) < 5]esssups,((a>-Q)(C)) = .,(($-Q)(C)). 

j=0 j=0 j=0 ^^""^ j=0 

This implies that 

tj{<!>) = esssupsj(($ - g)(C)) = Si((^ - Q){0) for < j < A: - 1, 

CeT 

Q G nk-ii"^), and 

fc-1 fc-1 

Y^t,{^) = Y,sj{{^-Qm) = a,{^). 

j=0 j=0 
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Moreover, Theorem 14.11 gives that Sj{{^ — Q){C)) = a.e. on T for j > k, 
and so = for j > k, as Q £ Qk-i{^)- Hence, Q is the superoptimal 

approximant to 

Let us show that 2 imphes 1. Clearly, it suffices to show that if 2 holds, 
then Q is a best approximant to $ under the L°°(S")-norm. Suppose 2 
holds. In this case, we must have that 

k-l fe-l 

j=o j=o 

Since $ has order k, it follows that 

a„($) = \\^-Q\\l^(s^) 

and so the proof is complete. □ 

For the rest of this section, we restrict ourselves to admissible matrix 
functions $ which are also very badly approximable. Recall that, in this 
case, the function ( i— > Sj{^{C)) equals tj{^) a.e. on T for < j < n — 1, 
as mentioned in Section fl.il The next result follows at once from Theorem 
K7\ 

Corollary 4.8. Let $ be an admissible very badly approximable nxn matrix 
function of order k. The zero matrix function is a best approximant to $ 
under the L°^(Si)-norm if and only iftj{^) = for j > k and 

=^oW + ••• + ^fc-l(^)• 
It is natural to question at this point whether or not the collection of ad- 
missible very badly approximable matrix functions of order k is non-empty. 
It turns out that one can easily construct examples of admissible very badly 
approximable matrix functions of order k (see Examples l4.14l and l4.15p . The- 
orem [JTO] below gives a simple sufficient condition for determining when a 
very badly approximable matrix function has order k. We first need the 
following lemma. 

Lemma 4.9. Let <I> G L°°(M„). Suppose there is ^' G such that 
[ trace(#(C)^'(C))dm(C) = ||^|Uoo(sn). 

JT 

Then ^ is a k- extremal function for a^i^) = ct„(<I>), and the zero matrix 
function is a best approximant to ^ under the L°°{S^)-norm. 

Proof. By the assumptions on ^, we have 

ll^llL-(sr) = / trace(^>(C)^'(C))dm(C) < 

JT 

On the other hand, 

c7fc($) < disti»(sn)($,i7°°) < ||$||ioo(s5>) 

always holds. Since all the previously mentioned inequalities are equalities, 
the conclusion follows. □ 
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Theorem 4.10. Let ^ G L°°(M„) be an admissible very badly approximable 
matrix function. Suppose there is ^ £ such that 

[ tTace{<^{0^{())dm{C) = to{<^>) + ... + t„(1>). 
Jt 

/f > 0, then $ has order k and the zero matrix function is a best 

approximant to $ under the L°°{S^)-norm. 

Proof. By the remarks preceding Corohary 14.81 it is easy to see that 

\\Hl^{S^) =to{^) + ...+tn{^). 

It follows from Lemma 14.91 that ^' is a fc-extremal function for (Jk{^) = 
cr„(<I>), and the zero matrix function is a best approximant to $ under the 
L°°(S")-norm. Thus ||$||ioo(sn) = ak{^). Moreover, by Theorem fOl 

< toW + . . . + tfc-2(^) < + . . . + tfc-l(^) < ||$||l-(S5')- 

Therefore ak-i{^) < crk{^)- □ 

Remark 4.11. Notice that under the hypotheses of Theorem 14.101 one also 
obtains that is the smallest non-zero superoptimal singular value of 

This is an immediate consequence of Corollary 14.81 

We now formulate the corresponding result for admissible very badly ap- 
proximable unitary-valued matrix functions. These functions are considered 
in greater detail in Section [5l 

Corollary 4.12. Let U G L°°(M„) be an admissible very badly approximable 
unitary-valued matrix function. If there is ^ £ such that 

[ trace(?7(C)^(C))dm(C) = n, 
Jt 

then U has order n and the zero matrix function is a best approximant to U 
under the L°°(Si)-norm. 

Proof. This is a trivial consequence of Theorem 14.101 and the fact that 

tj{U) = 1 for < j < n - 1. □ 

We are now ready to state the main result of this section. 

Theorem 4.13. Let $ be an admissible very badly approximable n x n 
matrix function. The following statements are equivalent: 

(1) k is the smallest number for which there exists ^ £ such that 

[ trace($(C)^(C))c?m(C) = to($) + • • • + tn-i(^); 

(2) $ has order k, tj{^) = for j > k and 

ak{^)=to{^) + ... + tk-i{^). 
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Proof. Let 

k{^) =^ inf { j > : there exists a ^ e such that 



/ trace($(C)^'(C))(^m(C) = H^) + ■■■ + tn-i{^) } 
Jt 



Clearly, may be infinite for arbitrary <I>. 

Suppose K = k(^) is finite. Then Lemma 14.91 implies that <I> has a /t- 
extremal function, cri^(^) = cj„(<I>), and the zero matrix function is a best 
approximant to ^ under the L°°(S")-norm. In particular, <I> has order k < 
k{^), tj{^) = for j > k, and 



by Corollary 14. 8[ 

On the other hand, if <I> has order k, tj{^) = for j > k, and 

=toW + ... + tfc^i(^), 
then $ has a /c-extremal function ^ G A"^ such that 

/ trace(1>(C)^(C))f^m(C) = ak{<^>) = to{^) + ... + tfc-i(^). 

JT 

Since tj(^) = for j > k, it follows that 

/ trace(<I>(C)^(C))dm(C) = to($) + • • • + tn-i(^). 

JT 

Thus At($) < k. 

Hence, if either is finite or <I> satisfies 2, then k = k{^). □ 

We end this section by illustrating existence of very badly approximable 
matrix functions of order k by giving two simple examples; a 2 x 2 matrix 
function of order 2 and a 3 x 3 matrix function of order 2. 



Example 4.14. Let 



^/2Vl 1 



It is easy to see that ^> is a continuous (and hence admissible) unitary-valued 
very badly approximable matrix function with superoptimal singular values 
to('&) = ti{^) = 1. We claim that <I> has order 2. Indeed, the matrix 
function 



Z- Ul \ J_f 1 1 



V2 V -1 1 
satisfies 

trace(«>(C)«'(C))f^^(C) = 2, 



/ 

JT 



/T 

and so $ has order 2 by Corollarv 14.121 
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Example 4.15. Let to and ti be two positive numbers satisfying to ^ ti- 
Let 

/ to^" O O \ 
^> = O ti# O 

\ o 00/ 

where a and b are positive integers. It is easy to see that $ is a continuous 
(and hence admissible) very badly approximable matrix function with su- 
peroptimal singular values tQ{^) = to, ti(<&) = ti, and t2{^) = 0. Again, we 
have that $ has order 2. After all, the matrix function 

/ O O \ 
^ = O O 
\ O O O / 

satisfies 

/ trace(^>(C)^(C))c^rn(C) = to+h= to(^) + ti(^) + i2(^), 
Jt 

and so ^ has order 2 by Theorem 14.101 since ti(<&) = ti > 0. 

5. Unitary-valued very badly approximable matrix functions 

We lastly consider the class Un of admissible very badly approximable 
unitary-valued matrix functions of size n x n and provide a representation 
of any n-extremal function ^ for a function U £Un such that 

/ trace(C/(C)^(C))c^rn(C) = to{U) + ... + t„_i(C/) (5.1) 

JT 

holds. Note that for any such U we have that tj{U) = 1 for < j < n — 1. 

When studying functions in Un, it turns out that Toeplitz operators on 
Hardy spaces are quite useful. For a matrix function <I> G L°^{M.m,n), we 
define the Toeplitz operator T$ by 

r$/ = p+<i>/, for/eF2(C"), 

where P+ denotes the orthogonal projection from L^(C"') onto i7^(C"). 

It is well-known that, for any function U £ Un, the Toeplitz operator 
Tjj is Fredholm and mdTjj > 0. (As usual, for a Fredholm operator T, 
its index, indT, is defined by dimkerT — dimkerT*.) In particular, the 
Toeplitz operator T^etu is Fredholm and 

indTdotc/ = indTc/. 

This latter fact can be easily deduced by considering any thematic factoriza- 
tion of U. We refer the reader to Chapter 14 in [Pel] for more information 
concerning functions in Un and thematic factorizations. 

In order to state the main result of this section, we first discuss the notion 
of Blaschke-Potapov products. A matrix function B G H°°{M.n) is called a 
finite Blaschke-Potapov product if it admits a factorization of the form 



B = UB1B2 ...B, 
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where C/ is a unitary matrix and, for each 1 < j < m, 

for some Xj G D and orthogonal projection Pj on C". The degree of the 
Blaschke-Potapov product B is defined to be 

m 

degB = rank Pj . 
i=i 

It turns out that every invariant subspace ^ of multiphcation by z on 
H'^{C^) of finite codimension is of the form BH'^{C^) for some Blaschke- 
Potapov product of finite degree codim^. A proof of this fact may be found 
in Lemma 2.5.1 of [Pel] . 

We now state the main result. 
Theorem 5.1. Suppose U £ Un has an n-extremal function ^ such that 
()5. jp holds. Then ^ admits a representation of the form 

^ = zh'^e, 

where h £ is an outer function such that \\h\\]^2 = 1 and is a fi- 
nite Blaschke-Potapov product. Moreover, the scalar functions det([/B) and 
trace(C/0) are admissible badly approximable functions that admit the fac- 
torizations 

_ /i" _h 
det{U@) = -z"-^ "'iT'd trace([/6) = nz-. 

Proof. It follows from (j5.ip that all inequalities in (jl.3p are equalities and 
so 

trace(t/(C)^(C)) = ||t/(C)^(C)l|s^ = ri||^(C)l|M„ (5.2) 
holds for a.e. C £ T. Since U is unitary-valued, then 

WiO^iOWs- = ll^(C)llsr, 

and so 

||^(C)||sr=n||^(C)||M„ 
must hold for a.e. (" € T. Therefore 

Sji^iC)) = II^(C)I|m„ for a.e. C G T, < j < n - 1. 

By the Singular Value Decomposition Theorem for matrices (or, more gen- 
erally, the Schmidt Decomposition Theorem), it follows that 

^{0 = ||^'(C)I|m„1^(C) for a.e. ( G T, (5.3) 

for some unitary-valued matrix function V. Let h G be an outer function 
such that 

\h{0\ = \\^iOClon T. 
Consider also the matrix function H =^ h~^^. It follows from ()5.3p that 
(H*H)(C) = = In for a.e. C G T, 
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and so S is an inner function. Thus ^ admits the factorization 

for some nxn unitary- valued inner function B and an outer function h E 
such that \\h\\i2 = 1. 

Note that the first equahty in (j5.2p indicates that the scalar function 

(p trace ( [70) satisfies 

zh^if = n|/ip on T, 

or equivalently 

h 

ip = nz—. 
h 

Moreover, ||-ff;70||e < ll-f^C/||e < 1, hence ||-ff(p||e < n = \\H^\\ implying that 
ip is an admissible badly approximable scalar function on T. We conclude 
that the Toeplitz operator T<^ is Fredholm and indT;^ > by the following 
well-known fact (c.f. Theorem 7.5.5 in [Pel] .) 

Fact. Let ip G L°° he admissible. Then ip is badly approximable (i.e. 
the zero scalar function is a best approximant) if and only if p has constant 
modulus, the Toeplitz operator T^ is Fredholm, and indT^ > 0. 

Returning to (|5.2I) . it also follows that each eigenvalue of {7(C)^'(C) equals 
= |/i(,^)|2 for a.e. C G T . In particular, 

\hiC)\'^ = det UiO^iC) = {z^h^mO ■ det C/(C) • det 9(0 



holds a.e. C G By setting 



def def 
9 = det @ and u = det U, 

we have that u admits the factorization 

- /?" 
/i" 

def _- 

where uj = zh/h = ipjn. Since the Toeplitz operator T^^ is Fredholm with 
positive index, T^G^n is Fredholm as well. Since kerTg = {O} and no)" = ^, 
then 

dim(i/'^ Qli^^ = dimkerTg = dimkerTg = indTg < oo 

and so is a finite Blaschke product. The conclusion follows from the well- 
known lemma stated below. □ 

Lemma 5.2. If Q is a unitary-valued inner function such that det Q is a 
finite Blaschke product, then Q is a Blaschke-Potapov product. 



Proof. Let 9 = det O. It is easy to see that Q*9 is an inner function. Since 

B ^= 9 In is a finite Blaschke-Potapov product and BH^iC^) C QH'^{C''), 
then 0ff^(C") has finite codimension, and so G must be a finite Blaschke- 
Potapov product. □ 
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Corollary 5.3. Suppose U ^1^2 has a 2 -extremal function ^ such that (15. ip 
holds. If U is a rational matrix function such that indTu = 2, then Q is a 
unitary constant on T. 

Proof. Due to the results of |PY| . U admits a (thematic) factorization of the 
form 

jj ^ ( Wi -W2 \ f Uq O \ ^ Vi V2 
\ iIJ2 Wi J \ O Ui J \ -V2 Vi 

where vi,V2, wi and W2 are scalar rational functions such that 
biP + |^^2p = I'U^iP + |w'2p = 1 a-e. on T, 

vi and V2 have no common zeros in the unit disk B, wi and W2 have no 
common zeros in ID, and uq and ui are scalar badly approximable rational 
unimodular functions on T. These results may also be found in Sections 5 
and 12 from Chapter 14 of |Pelj . 

Suppose ^' = zh^Q is an n-extremal function for U such that ()5.ip holds 
as in the conclusion of Theorem 15.11 Assume, for the sake of contradiction, 
that Q is not a unitary constant. 

Since uj is a scalar badly approximable rational unimodular function on 
T, it admits a factorization of the form 

-k ^? 

where Cj is a unimodular constant, the function hj is ff°°-invertible, and 
kj = indr^^, for j = 0, 1. In particular, we have 

UO = CqCiZ U— — , 



ho hi 

t( 

On the other hand, by Theorem 15. H 



as ko + ki = mdTjj = 2, where 9 det 6 and u det U. 



u8 = z -TT 



and so the function h'^h^ ^h^^ and its conjugate 

CqCiO- ^ 



hohi h^hi 

belong to . Therefore h'^h^^h^^ equals a constant and so 6 equals a 
constant as well. Thus, the conclusion follows from the fact that ^B* is an 
inner function. □ 

We end this section with an example to illustrate some of our main results. 

Example 5.4. Consider the matrix function 



U 



1/1 z \ z z^ 
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Clearly, U belongs to U2 and it has superoptimal singular values to{U) = 
ti{U) = 1. 

We ask the question, is there a 2-extremal function ^ for U such that 
l\5.1\i holds with n = 2? Let us assume for the moment that such a function 
^ exists. In this case. Corollary 15.31 implies that ^ must be of the form 
^' = zh^Q, where 

a h 

c d 



G 



is a unitary constant and h is an outer function in such that ||/i||l2 = 1. 
Since 

h? 

^2— = det(C/e) = z'^iad - be), 

it is easy to see that /i^ and its conjugate belong to H^, and so /i^ is a 
constant of modulus 1. Relabeling the scalars a,b,c, and d, we may assume 
that /i^ equals 1 a.e. on T. Thus, 

2C = trace(C/(C)e(C)) = (aC + - 6 + dC) 

holds for a.e. C G T, and so 5 = c = and a -\- d = 2\/2. However, is 
unitary valued so it must be the case that \a\ = \d\ = 1, and so 

2V2 = a + d = \a + d\ < \a\ + \d\ = 2, 

which is a contradiction. Thus no such ^ exists. In particular, we must 
have that $ does not have order 2 or (T2(^*) < to{^) + ti{^) = 2 by Theorem 

Km 

Actually, we have already shown that the zero matrix function is not a 
best approximant to U under the L°°(Sf) norm, i.e. (T2($) < 2. Indeed, we 
have 

distL^^si)(U,H°^{M2))<toiU) + tiiU) = ||C/||ioo(s2), 

by ([LTD. 

We now ask, does U have order 1, order 2, or is U inaccessible? It is 
clear that U has a 1-extremal function by Remark 13. 7[ In fact, it is easy to 
check that the matrix function 



defines a 1-extremal function for U and 



ai{U) = [ trace(C/(C)*i(C))rfm(C) = \\Hu\\ = to{U) = 1. 

However, U does not have order 1. Indeed, one can see that the matrix 
function 

z { I O 
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belongs to H^{M2), ||^*||li(M2) < and 

1 < ^trace(?7(C)^(C))dm(C) < a2{U). 

Therefore, either U has order 2 or [7 is inaccessible. This matter requires 
further investigation. 
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